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Abstract 

We write the Lagrangian of the general Af — 5 three-dimensional superconformal 
Chern-Simons theory, based on a basic Lie superalgcbra, in terms of our recently 
introduced = 5 three- algebras. These include Af = 6 and A/" = 8 three-algebras as 
special cases. When we impose an antisymmetry condition on the triple product, the 
supersymmetry automatically enhances, and the Af — 5 Lagrangian reduces to that of 
the well known J\f — 6 theory, including the ABJM and ABJ models. 



1 Introduction 



Following the construction by Bagger, Lambert [lj-[3| and Gustavsson |4| of a three- 
dimensional superconformal Chern-Simons theory with maximal (TV = 8) supersym- 
metry, similar theories with less supersymmetry have subsequently been constructed 
(5}jl4| (including the ABJM |5] and ABJ \lOj models). 

The interest in three-dimensional superconformal theories has been motivated by 
the search for a world-volume theory that could describe interacting M2-branes, and 
hopefully give a better understanding of M-theory. The concept of triple products has 
played an important role in that search, and we believe that it will be useful also in 
the future. 

In this paper we focus on the Lagrangian descriptions of the (classical) M = Q and 
A/" = 5 theories given in [8 ,12 in terms of anti-Lie triple systems. We will show that if 



one instead uses the A/" = 5 three-algebras introduced in 15 , then the A/" = 5 theory 



and the Af = 6 theory can be written in exactly the same way. When we impose an 
antisymmetry condition on the triple product, reducing the Af = 5 three-algebra to 
an A/" = 6 three-algebra, the supersymmetry automatically enhances, and the Af = 5 
theory reduces to the Af = 6 theory. 

Before proceeding, a few words about our terminology are in order. In this paper 
we use the term triple system for any vector space with a trilinear triple product. By 
equipping the triple system with an inner product, and imposing certain conditions on 
the triple product and the inner product, we obtain special cases that we call three- 
algebras. Among these, the Af = 5 three-algebras are the most general. They include 
Af = 6 three-algebras, which in turn include Af = 8 three-algebras. The Af = 8 and 
Af = 6 three-algebras are the ones originally introduced by Bagger and Lambert in 
their constructions of A/" = 8 flHsl and A^ = 6 i8i theories. A similar construction 



of an A/" = 5 theory was given in 12 , 13 , based on a triple system that was called a 



(symplectic) 'A/" = 5 three-algebra'. However, this does not agree with the definition 



of an A/" = 5 three-algebra in 15 , which we follow in this paper (up to a slight 
modification, see below). 

Unlike the Af = 5 three-algebras in |15j, the triple systems considered in [I2|[l3|[l6] 
do not include the Af = 6 and A" = 8 three-algebras as special cases. They are triple 
systems of a different kind, called anti-Lie triple systems and well known by their 
connection to Lie superalgebras. It was first noted in |17j that anti-Lie triple systems 



are relevant for Af = 5 theories, and this idea was further elaborated in 11, 18 . 

We will see in this paper that there is no need of introducing a different kind of 
triple system, one can just generalize the Af = 6 three- algebra to an A/" = 5 three- 
algebra. Our derivation of the Af = 6 theory from the Af = 5 theory is analogous to 



the one in 12 , but instead of rewriting the expressions we just keep them as they are, 
and impose antisymmetry of the triple product. Thus the embedding of the Af = 6 
theory becomes manifest. 
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The paper is organized as follows. In section 2 we define the triple systems that 
we use, three-algebras and anti-Lie triple systems, and explain their connection to Lie 
super algebras. In section 3 we present our result, the = 5 three-algebra formulation 
of the A/" = 5 Lagrangian. We then show in section 4 how this result can be obtained 



from the formulation in 12 , based on anti-Lie triple systems. In section 5 we impose 
the antisymmetry condition, and show that our result then automatically becomes the 
well known J\f = 6 three-algebra formulation of the JV = 6 Lagrangian. We end with 
a conclusion in section 6. 



2 Triple systems 



For a comprehensive review of triple systems (and other n-ary algebras), see 19 



2.1 Three-algebras 

An A/" = 5 three-algebra is a triple system V with a trilinear triple product 

VxVxV-^V, {x,y,z) ^ (xyz) (2.1) 

and an inner product, a symmetric bilinear form 

VxV^C, {x,y)^{x\y), (2.2) 

that satisfies the fundamental identity 

{uv{xyz)) — {xyiuvz)) = {{uvx)yz) — {x{vuy)z), (2.3) 

the 'generalized antisymmetry condition' 

K^y{Kuviz)) = {K.^y{v)uz) + {K.^y{u)vz), (2.4) 

where Kxy{z) = (xzy) + (yzx), and invariance of the inner product, 

{w\{xyz)) = {y\{zwx)) = {{wzy)\x) = {{yxw)\z). (2.5) 

By imposing further conditions one obtains Af = 6 and Af = 8 three-algebras. An 
Af = 6 three-algebra is an = 5 three-algebra with K^y = for any pair {x, y). This 
means that the triple product is antisymmetric under permutation of the first and the 
third argument, 

(xzy) = -{yzx), (2.6) 



so that (2.4) is trivially satisfied in an A/" = 6 three-algebra. An A/" = 8 three- 
algebra is an A/" = 6 three-algebra where the triple product is also antisymmetric under 
permutation of the first and the second argument, and thus totally antisymmetric. 
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It is worth mentioning that if we remove the minus sign in (2.6) and impose this 
symmetry condition on the triple product, then we obtain a Jordan triple system 
instead. Replacing it with a generalization corresponding to (2.4) gives a Kantor 
triple system, and removing it gives a generalized Jordan triple system. It was first 
noted in [20] that an A/" = 6 three-algebra in fact is a generalized Jordan triple system. 



The difference in the definitions here compared to those in 15 ,21 is that the triple 
product and inner product in an A/" = 5 or A/" = 6 three-algebra are now supposed 
to be linear in each of the arguments, instead of antilinear in some of them, and the 
inner product is supposed to be symmetric. This simpler setting is enough, at least 
for the purposes in this paper. If needed, anti-linearity can always be restored by the 
insertion of a conjugation in the triple product and the inner product, as explained 
in 21 . A difference compared to [Sl 12, 13 is the order of the arguments in the triple 



product, which follows 15 20 21 . We will see the reason for this soon. 



2.2 Anti-Lie triple systems 

An anti-Lie triple system is a triple system V with a trilinear triple product 

V y. V y. V V, {x,y,z) [xyz] 

that satisfies another 'fundamental identity', 

[wf [xyz]] — [xy[nf2;]] = [[ufa:]?/^;] -|- [x[uf?/]2;], 
the symmetry condition 

[xyz] = [yxz] 

and the cydicity condition 

[xyz] + [yzx] + [zxy] = 0. 



(2.7) 



(2.8) 



(2.9) 



(2.10) 



The anti-Lie triple systems in 12 13jl8 furthermore have an invariant antisymmetric 



bilinear form, and the quatemionic anti-Lie triple systems in 18 also have a quater- 
nionic structure. 



2.3 Connection to 5-graded Lie superalgebras 

The odd subspace of any Lie superalgebra is an anti-Lie triple system with the triple 
product 



[xyz] = [{x, y},z] 



(2.11) 
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and conversely, any anti-Lie triple system gives rise to an associated Lie superalgebra 
[Tg] . We consider here anti-Lie triple systems such that the associated Lie superalgebra 
is a basic Lie superalgebra, that is, one of A{m,n), B{m,n), C{n + 1), D{m,n), -F(4), 
G{3), D{2, 1; a) in the classification by Kac |22|. These are the ones that appear in [13j , 
and in [Ts] they were shown to be in one-to-one correspondence with simple positive- 



definite quaternionic anti-Lie triple systems. As noted in 16 there is an additional 
class of simple Lie superalgebras with a non-degenerate bilinear form, denoted H{2k), 
for A; > 3. Although the corresponding anti-Lie triple system satisfies the requirements 
in 12 , 13 , it seems difficult to make sense of a theory based on such a triple system. 
The even subalgebra of H{2k) (which would be the gauge algebra) is not semi-simple, 
and the adjoint representation on the odd subspace (in which the matter fields would 
transform) is not fully reducible. 

In j2l] (type I) and [15] (type II) we explicitly studied each of the basic Lie su- 
peralgebras in the context of A/" = 6 and A" = 5 three- algebras. Here we keep the 
discussion very general but it is intended to be applied to the special cases considered 
in 



15,21 



Let ^ be a basic Lie superalgebra. Then it has a 5-grading, which means that it can 
be written as a direct sum of subspaces Qk for all integers k such that fQi, Qj] C Qi+j, 
and Gk = for \k\ > 3. We will also allow for the possibility that Q-2 = ^2 = 0, which 
means that we consider 3-graded Lie superalgebras as special cases of 5-graded ones. 
The even and odd parts consist of those subspaces = for which k is even and odd, 
respectively, 

G{o) = G-2 + Go + G2, G{i) = G-i + Gi- (2-12) 

In a basic Lie superalgebra we can furthermore define a non-degenerate inner 
product r2 (a consistent and supersymmetric invariant bilinear form [23]) such that 
^{Gi,Gj) = unless i + j = 0. We will henceforth write fl{x,y) = {x\y). Let be a 
basis of G{i) and split the indices a into a, a, so that Tq, and are bases of Gi and G-i 
respectively. Then flab = fi(Ta,Tf,) is zero unless one index is dotted an one undotted 
when we decompose the latin indices into greek ones. Note that Qab is antisymmetric. 

We use Qab and its inverse Q"'^ (defined by Q'^'^Qcb = 5°'b) to raise and lower indices 
from the left. Thus we can replace dotted indices downstairs with undotted indices 
upstairs, and write the basis of G-i as T". 

The inner product VL induces an automorphism r on ^ given on G{i) by 

r(T°)=T,, r(T„) = -T". (2.13) 

It is then given by ^(o) by the homomorphism property r(|a;, y]) = |r(a;), r(?/)]. This 
automorphism satisfies r^(a;) = (— l)^x if x G G{p), like the graded superconjugat 



ion 



m 



21 . However, in accordance with our new convention for the triple product we let 



it be linear instead of antilinear. 
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Using the automorphism r we can define a triple product on Q_i by 



{xyz) = [{x,T{y)},z] 



(2.14) 



and it is straightforward to check that Q-i is an A/" = 5 three- algebra with this triple 
product, and with the inner product 



{x\y) = -(x\T{y)). 



(2.15) 



Furthermore, it follows from the Jacobi superidentity that this triple product is anti- 
symmetric in the first and third argument (so that the A/" = 5 three-algebra becomes 
an = 6 three-algebra) if and only if Q±2 = 0. 

When we reformulate the Af = 5 theory we start with the anti-Lie triple system 
used in the original formulation, go to the associated Lie superalgebra (which we 
assume to be basic), and then from the Lie superalgebra to the A/" = 5 three-algebra 



by (2.14). To this end, we introduce structure constants for the anti-Lie triple system, 

-{[Tann]\Td) = -{[{Ta,n},n]\Td), (2.16) 



abed 



[TaTbTc] — [{Ta,Tb},Tc] — fab/Td 



and write the identities (2.8)-(2.10) in component form 



fabf^fcde"^ fcdf^fabe^ fabcffde^ ~l~ fabd^ fcf< 



9 
e y 



(2.17) 



(2.18) 



fabcd fbacdj 

In addition, we have the identity 



fabcd ~l~ fbcad ~l~ fcabd 0. 



abed 



edab 



(2.19) 



(2.20) 



from the invariance of the inner product in the Lie superalgebra. 

It follows from the 5-grading that when we split the latin indices into greek ones 
only the structure constants with two dotted and two undotted indices survive. Fur- 
thermore, we can fix the position of the two dotted indices to the first and the third 



by using (2.19H2.20) 



fct/SS-y f/Sa-yS ffiaS-y fa/^-ySi 
f ■ySafi f afi'yS f CfyfiS f fi-yaS' 

Finally, we can raise the dotted indices using Q and remove the dots. 



(2.21) 



(2.22) 
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Then we end up with the structure constants of the = 5 three-algebra defined 
by ([2l4l). Indeed, 



/V<5 = -([T"7>T^]|T5) = -{[{T^,Tp},T'']\Ts) 

= -([{T",r(T^)},T^]|r(T^)) = -((T°T^T^) |T^), (2.23) 

(T^IT'^) = -(r"|r(T^)) = -(T"|T;3) 

= -1^^^(T1T/^) = -fi^^fi"'^ = 5-/3. (2.24) 

This explains why we write the structure constants for a three-algebra with indices 
alternating upstairs and downstairs, and in a different order compared to [8,12,13 . It 



was pointed out already in 20 that it is natural to place the indices in this way. 



3 The A/" = 5 theory 

We denote the matter fields by Z^a, in the Af = 5 theory, and by Z^a, V'a" in 
the JV = 6 theory. The indices A,B,... refer to the R-symmetry, which is Sp(4) 
in the = 5 theory and SU(4) in the Af = 6 theory. In both cases they take the 
values 1, 2, 3, 4. We will always raise and lower the R-symmetry indices with the Sp(4) 
invariant tensor u and its inverse, for example 

^Aa = ^AbZ^ a-, a = ^Ba-, ^^'~^^CB = Bi (3.1) 

although u is not invariant under S'f/(4). 

When we go from the A/" = 5 theory to the Af = 6 theory we will see that all 
occurrences of u either disappear due to the antisymmetry condition on the triple 
product, or combine into the S'f/(4) invariant tensor e, according to the conventions 

^ABCD = —^AB^CD + ^AC^BD — ^AD^BC- (3.2) 

Replacing A, B, C in the latter equation with F, G, and contracting the two equa- 
tions we get the identity j7| 

65^[s5^p5^G] = -35^[su;^^a;^G] - 35^[su;^Vg] - 35^[£;a;^^u;pG], (3.3) 

which we will use later. 

We consider the matter fields Za"^ and \E''^" in the Af = 5 theory as components of 
elements Za = Za^T^ and = ^^"T« in an anti-Lie triple system, which is the odd 
subspace ^(i) of a basic Lie superalgebra. Then Za and give rise to elements Za 
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and in an A/" = 5 three-algebra, which is the subspace The relation between 
the elements in the anti-Lie triple system and the A/" = 5 three-algebra is given by 

2^^a = Z^a, "^Aa = Aai 

Z/" = Za°, = -^Z'^". (3.4) 

In the Af = 6 theory is the complex conjugate of Z^a, and ipAa is the complex 
conjugate of ip^"", 

Za'' = {Z\r, i^Aa) = (V^^")*. (3.5) 



Therefore the relations (3.4) imply the reality conditions 

{Z\y = Za\ = -(v)/^'^)*. (3.6) 

The minus sign here does not agree with the constraints in (12], but its importance 



was stressed in 13 , so we believe that it is correct. 

Beside the matter fields, the A/" = 5 theory also contains a Chern-Simons gauge 
field A^i""^ which is symmetric in the upper indices. We consider it as the components 
of an element Ap, of ^(o), the even subalgebra of the Lie superalgebra which is 
generated by the basis elements of the odd subspace, 

^^ = ^/H7^„T,}. (3.7) 

In other words, ^(o) (which is an ordinary Lie algebra) is the gauge algebra of the 



theory. If Q is 5-graded with Q±2 7^ 0, then ^(o) is 3-graded, as can be seen in (2.12) 



When we split the latin indices in (3.7) into greek ones, we get one term for each of the 



three subspaces (but one of them comes with a factor of two, due to the symmetry), 
= A^ ^\Ta, 2^/3} + 2^^ ^\Ta, ~l" A/^i '^{T'q,, 

= |A/^{T„, - A/^{T„ T^} + lApa^T", T^}, (3.8) 

where we in the last step have set 

= 2^/^ A/^ = 2Ap%, Ap^p = 2A^^p, (3.9) 

which implies that also A^""^ and A^ajS are symmetric in the two indices. 

In addition to the Chern-Simons term, the gauge field also appears in the covariant 
derivative. 



D fj,Z ^ — dpZ d Ap fabd Z c} 

D.Za'' = O^Za" + Ap'^'fat/ZA". (3.10) 
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These equations imply 
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D,Z/ = d^Z/ + A^'^pfWZA'^ + ujabA^'^^PJ^Z^,. (3.11) 

Note that, unhke the J\f = 6 theory, a gauge transformation can take Z"^ to Zb and vice 
versa. The elements in the gauge algebra that are responsible for such transformations 
belong to Q±2. When Q is 3-graded, (3.11) reduces to the definition of the covariant 
derivative in the A/" = 6 theory, 

Df_iZ^s = d^Z^s + A^"- pf^ c? sZ^^ = d^Z'^s — A^^sZ^^, 

D,Z/ = d,Z/ + A^^pfPJ.Zi' ^ B^Za' - A^'.Za^ (3.12) 

We are now ready to write the two Lagrangians that we want to unify. We write 
them in the notation that we have introduced above, with greek indices for three- 
algebras and latin indices for anti-Lie triple systems, but otherwise as they were given 
in 
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Each of the Lagrangians consists of kinetic terms for the matter fields, a Yukawa 
coupling, a Chern-Simons term and the potential. We write this as 

^ = -^^kin + C,Y + -^CS + -^pot- (3.13) 

Then the A/" = 5 Lagrangian is 

^CS = \£^''''{^defabcA^°'^duAp'"''+ \u) fhf abc f gde^ A^"''' Ay"'^ Ap""^ ) , 

C-pot = —^{'^fabcfgdf'' — Qfcda^fgfb'' + '2fabd^fgcf'')2A'^Z^'^ZB^Z^''Zc'^Z'^e, (3.14) 

where fabc'^ are the structure constants of an anti-Lie triple system, and the J\f = 6 
Lagrangian is 

£kin = -D^Za'^D^^Z^^ - l^^'^^^D.^PAa, 
Cy = -tf%^5ij^'^AaZ''fsZB^ + 2tr,Psi^^'i^BaZ''pZA^ 

- leABCDr-y^5^''^ij'''Z^\Z''^ - ^8^''''^ J [sijA-y^BsZc'' Zn^ 

r^^ _ l^fJ.up( ra 1^ , A 1 ^fj A S , 2 fa ^ er) e A P 4<5 A f \ 
*-CS ~ 2 W 7 P'-'v^p a 3J S -qj if ji-^p a^v j^p eji 

Cpot = ~'^if°''y^ sf^ tp^rj — \ f'^'y^5f^ip^i])ZA'Z^^ZB'^Z^a.Zc^Z'~^p, (3.15) 

where f^if & are the structure constants of an = 6 three-algebra. Our claim is now 
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that (3.14) and (3.15) can be unified into the single Lagrangian 



cs 



pot 



tr^^si-Z^^ZA^^B^^p""' - 2Z^^ZB^^A^i^''') 

+ '^f%^sZ^a^''^Z'',^'''{uAB0OcD - ^Uad^Cb) 



CB\ 



+ 2irp\i;c(^aZB"Z'',^i;^\6"A6''D - 2ujADUj''n 

Ift^^Pf f"' n'^ c A l^f) A -I- f " „T f r"^ 4 Pa ^A 

2 \J P o-'^^a '^u^p"/ ~ J p rjj ifi-'^fia ^pe 

J 7 S-^paP'-'u^p 
_ ( fa p fri & I n fS P fV a \ A „ 4 7^ 4 



Q ^7 fSr] j ^ I _ ^DE ^j^l- 



J P r,J £ p{-^AB^ 
- (^AB^ 



i-pa/B^u 5^p 

r/C ry £ ry B ry ip 



DE lyA ly B ryB ry £ ryC ry p ry A ry B ryC ry £ ry B ry p\ 

Zj a^D Zj ^Zq Zj s^E — Zj ^Zj A Zj jZb Zj ^Zq ) 



(3.16) 



where f'^p'^s are the structure constants of an A/" = 5 three-algebra. In the following 
two sections we will prove this claim. 



4 Derivation from anti-Lie triple systems 



In this section we show that (3.16) can be derived from ( |3.14[ ). The general strategy is 
to spht the latin indices into dotted and undotted greek ones, and then remove the dots 



with f2, as explained in section 2.3 Alternatively, we can go from the anti-Lie triple 
system to the M = 5 three-algebra, via the associated Lie superalgebra, by writing out 
the triple products and inner products, without using indices. As we will see in section 



4.4[ this is particularly convenient for the potential, where there are many indices to 
keep track of. But we start with the much simpler kinetic terms. 



4.1 The kinetic terms 

When we replace the latin indices with greek ones in the kinetic terms, we pick up a 
factor of 2 because of the antisymmetry of Q. For the fermions we furthermore pick 
up a minus sign since we have to raise and lower the contracted greek index before 



inserting (3.4). Thus when we take the kinetic terms £kin in (3.14) we have 



■iD^Z^'aD^ZA" 



-D^Z^'^D^Za'^ 



Ab 



-n^'^D^Z^^D^'Zj 
-D.Z^^D^^Za'', 



(4.1) 



^ ^^aD^r^A" = ^^^aD,r'^A'' = -l^^'^D^.Y^Aa = -li^'^'^D ^^i^Aa, (4.2 



and we end up with the kinetic terms £km in (3.16). 
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4.2 The Yukawa coupling 



We decompose the Yukawa couphng in (|3.14|) into two terms, Cy = C^i + Cy2-, where 

(4.3) 



£yi 

Cy2 



AB, CD 



Jabcd^A ^B ■ 



lUJ CO 



The first term can be written 



Yl 



-2^ 



AB, CD 



00 



ifal3^5ZA''ZB''^C^^D' + U,s2A''ZB^^C^'^D' 



+2f.p^^Z/'ZB^^C^^D'+V^B.8ZA''ZB''^C^^ 



'D 



^''uj''Tfi\{ZAo.ZB^^C^'^D^Z/ZB'^C<.'^D^ 



-2Zao,Zb'^C^'^D^) 



—2^ 



AB, CD f-a 7 
^ J 13 



SyZAaZB^^c'^'^D^+ZA^ZB^^Ca'^D^ 

IZA^Zj'^c^'^D^-'^ZA.Zn^^r,.^ 



Aj^B y^Ca^^D 



(4.4) 



where we in the second step we have replaced dotted indices downstairs with undotted 
upstairs (and vice versa), and used (2.19). In the last step we have used (2.20), and 
the antisymmetry of u'-'^ . For the second term we get likewise 



Y2 



•, ,AB, CD ra 7 / 



ZAc.ZD"^C~t^B 



' - Za^Zd^^>c'^ 



Ba 



,Zd^^ 

- Za^^Zd^^Co^B - -^A 
+ ZAaZo^^C^^B-i + Za^ Zo-^'UCa 

+ ZacZd.^c^^b' + Za^Zd'^cc^-^b^^) 



Za^Zdo^^c'^^B^ 

^^>B^ + ZA^Zn.^<c..^B^ 



AB^^CD ja„7 



lUJ u 



- 2ZA.Zn^^c^'^i ^ 

•.A^^D' ^Ca^B 



■^Aa^D y^C7y^B 
-2Za^Zd^^ ^ 

+ 2ZAo.Zr>'^c^^B^ 

)7^C 



+ Za^Zo^^c^^b + Z/Zr>'^ 



Ca'^B'y), 



(4.5) 



and the two terms add up to 
Cy = iFi'dZ 



Aa^B ^C7^d' 
IZAa^C^ZB^^D' 
^CaZA^ZB,'^D'){0O 



+ ^CaZs^ZA-y"^ 



D 



l^CaZA^^D^ZB' 



(4.6) 
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Inserting (3.4) this becomes 



Y 



which is again what we have in (3.16) 



4.3 The Chern-Simons term 

We proceed to the Chern-Simons term, 

jCcS = \£^''''{^defabcA^°'^duAp'"'' + \u) fhf abc f gde^ A^""^ Ay"'^ Ap''^ ) 

Up to a total derivative we have 

fabcdAi^'^'d^Apf" = 2U.Aip''^d,Ap]^' + iU^sAip'^^d^Ap]^' 



75 



= -Ar^^6A[^\^pd\,Ap{^' + Arp\A[^\Jd,Ap^^' 
for the first half of the Chern-Simons term, and 



fabc fhdefA[p Ay Ap] ^ — '2f^0^^f,f^^^^A[p ^Ay' Ap] 

+ '^fap-y^ fr,5s^A[p_ ^ Ai? Apf^ 
~l~ ^ fa/B-y^ frjSeipA^p^ ' Ay^ A(^ 

8/ -y^rif^e ipA^p^afsA^y^^ sA\p] ^ 
T] (pA[p ^ Ay\^sA\p\^ s 
+ '&f°'p'r,rS%A[p.\ofA\y\^^A\p]e'^ 



for the second. Inserting (3.9) this gives 



-^CS = \£^''^{^defabcAp''^dyAp'"^ + lujfhfabc^fgde^Ap°'^Ay'"^Ap^-^) 
— lp/i!^P('_f" 13 A „/5 4 7<5 _|_ f " „7 , 4 l^f) A ^ 

\J 'y rjj s ip ^ ■^J y rjj e pj^p.ap^u a^/c 

< fa T fv s A 13 A 5 a ip\ 
~ J p rjj p^pa ^u-y ^ps Ji 



ep 



(4.7) 



(4. 



(4.9) 



(4.10) 



(4.11) 



so also this part of the Lagrangian (3.14) agrees with (3.16). The only remaining part 
is now the potential. 
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4.4 The potential 



In (3.14) the Af = 5 potential is (following [12]) written as a sum of three terms, 
jCpot = Vi + V2 + V3, where 

If q £ e f crAa ^ b '^Bc -7- d crC 

Vl — —-j^Jabc Jgdf ^ ^ ^ e, 

(4.12) 



'2 — 2oJcda Jgfb -^A ^ ^B ^ ^ e, 

= —^Jabd Jgcf ^B ^ ^ e 



Instead of splitting the latin indices into dotted and undotted greek ones, it can be 
instructive to write each term in the Lie superalgebra language. Using the invariance 
the first term can be written 



rC 



If q f e -y f -yAa -y b -yBc -y d -yC 
^^Qjabc Jgdf '^A ^ ^B ^ ^ 

-l,{[{[{Z\Zs},Z%Zc],Z4\Z^) 
-l,{[{Z^Zs},Z^]\[ZcAZ^,Z^}]), 



(4.13) 



and in the same way 



V2 
Vz 



2_ 
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{[{Z^,Zc],Z%ZaAZb,Z^}]), 
-i-,{[{Z^Zs},Zc]\[Z^,{Z^,Z^}]). 



(4.14) 



We can then go from the Lie superalgebra language to the J\f = 5 three-algebra 
language by writing 



Z' 



Z^^Ta = Z'^'Ta + Z'^'T^ = Z'^'^Ta - Z'^aT'' = r{Z'^) - Z 



tAol 



Aar 



(4.15) 



and then using the definition (2.14). To get simpler expressions, we introduce the 
following shorthand notation. 



Iabc = {iZ^Z''Z^)\{ZAZBZc)), 
Ibca = {{Z^Z^Z'')\{ZbZcZa)), 
IcAB = {{Z^Z^Z'')\{ZcZaZb))^ 



IcBA = {{Z^Z^Z^')\{ZcZbZa)), 
Iacb = {{Z^Z^Z'')\{ZaZcZb)), 
Ibac = {{Z^Z^Z'')\{ZbZaZc)), 



III 
Ilc 
Ilr 



{{Z'^Z^ZAmcZ^ZB)), 
{{Z^'Z^ZAm^ZcZB)), 
{{Z'^Z^ZaW^ZbZc)). 



Irl = {{Z''ZaZ'')\{ZcZ''Zb)), 
Irc={{Z^ZaZ'')\{Z''ZcZb)), 
Irr={{Z^ZaZ'')\{Z''ZbZc)), 



Icl = {{Z^Z''Za)\{ZcZ^Zb))^ 
Icc={{Z^Z''Za)\{Z''ZcZb)), 
IcR= {{Z^Z''Za)\{Z''ZbZc)). 



(4.16) 
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In component form we have for example 

J ra ■y rS V ry A fy B lyC fy e ryB ry ip 

^RR — ~J P riJ e A ^ y^B ^ 5^C ■ 

Taking the complex conjugate we get 

Ibca = {{Z^Z^ Z'')\{ZbZcZa)Y = {{ZaZbZc)\{Z^Z'^Z^)) 

= {{Z''Z'^Z^)\{ZaZbZc)) = {{Z^Z^Z'')\{ZcZaZb)) = Icab, 



(4.17) 



(4.18) 



and in the same way Ilc* = Icl, whereas each of the other expressions in (4.16) is its 
own conjugate. 

By contracting the identities defining an A/" = 5 three-algebra with six scalars, 
where the three-algebra indices and R-symmetries are combined in differents ways, 
we get a number of non-trivial identities relating the expressions (4.16) to each other. 

0, 



From (2.3) we get 

Ice — Iacb — Ilc + Icab 
Ice ~ Iacb — Icl + Ibca 



0, 



IrC = ICR, 

Irl = Ilr- 



and from (2.4) follow another two identities 

Irc 
Irr 



Ilc + '^Ibac + Iacb + "^Ibca + Icab, 
Ilr + I ABC + IcBA- 



Finally we also get an identity from (3.3) contracted with, for example, 

{{Z^Z^Z^)\{ZaZbZc)). 
This identity involves all the 15 expressions and reads 

QI[ABC] = III — Icl + Irl — Ilc + Ice — Irc + Ilr — Icr. + Irr- 



(4.19) 

(4.20) 
(4.21) 
(4.22) 



The potential should be real, so we are interested in linear combinations that are real. 
Therefore we write J for the real part of /, for example 



J ABC — I ABC, 



Jbca — -^{Ibca + Ibca*) — ^{Ibca + Icab) 



Since Ibca* 



Icab and he* = Icl, we have 
Jbca = Jcab, 



J 



LC 



J 



CL- 



(4.23) 



(4.24) 



The identities (4.19), (4.20) and (4.22) of course hold also with I replaced by J every- 
where. Together with (4.24) they give 

Jee = —'^Jbac — 4:JcAB + Jcr, 

JlR = JrL = J ABC — JcBA + J RR, 

Jlc = JcL = —Jacb — "^Jbac — ^^Jcab + Jcr, 

JlL = '^JaBC — ^JaCB — "iJBAC + JcBA + "iJcR — ^JrR- (4.25) 
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We can now write the potential as a linear combination of the terms on the right 
hand side of (4.25). Since this calculation is quite tedious, and since we have already 
demonstrated the general method for the other parts of the Lagrangian, we just present 
the result for the three terms (4.12) of the potential, 

Vi = - §^{-22 Jbac - IQJcAB - IQJacb + SJcba + IQJabc + 15Jcr - 15Jrr), 



V2 

V3 



10 



CAB 



4J 



ACB 



2 J, 



CBA 



4J 



ABC) 



30 



{JbAC — 2JcAB — 2 J ACB + JcBA + 2Jabc)-, 



and we see that two of them are in fact linearly dependent, V2 
the three terms we get the potential 



(4.26) 

-9V3. Adding up 



pot 



CR 



J, 



RR 
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BAG 



- ICR + / 



RRi 



(4.27) 



where we have used that Ibaci ^cr and Irr are real, so that they coincide with Jrac, 
JcR and Jrr. Reinserting (4.16) we finally obtain 



--pot 



'^Ibac ~ IcR + Irr 
2{{Z^Z^Z'')\{ZbZaZc)) 

- liZ^Z^Zj,)\{Z^ZBZc)) + ((Z^Z^Z^)l(Z^ZsZc)) 

f°'l3'^r]f^e^>pi—^AB^^^Z^aZD'^Z'^\ZE^Z^sZc'^ 
— (^AB^^^ Z^aZo'^ Z^jZc'^ Z'" sZe'^ — Z^ aZj^ Z'" ^^Zb^ Z^ ^Zc*)^ 



(4.28) 



and we have thus arrived at the expression for the potential in (3.16). 



5 From A/" = 5 to A/" = 6 



In the preceding section we started with the A/" = 5 Lagrangian (3.14) and showed 



that it leads to our new Lagrangian (3.16) when we go from anti-Lie triple systems 
to A/" = 5 three-algebras. In this section we will instead start with (3.16) and show 
that it reduces to the A/" = 6 Lagrangian (3.15) when we impose the antisymmetry 
condition on the triple product, so that the A/" = 5 three-algebra reduces to an A/" = 6 
three- algebra. 

Again we start with the kinetic terms £kin- They have already the same form in 



(3.16) as in (3.15), so we only have to show that the covariant derivative in (3.16) 



reduces to the one in (3.15) when we impose the antisymmetry condition. But this we 



already did when we defined the covariant derivatives in (3.11) and (3.12), so we can 
conclude that the kinetic terms agree. 
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We proceed to the Yukawa coupling, which in (3.16) has the form 



+ irp\Z^^i,''Pz'',i;''\ujABUJcD - 2ujaduJcb) 

+ irp'^sZB'i'CaZA^ijD^X^ 



AB, CD 



+ 2irfP,^c{^ZB^Z^.,-^^''\b''A^'^D - 2ujADi^^ 



CB\ 



(5.1) 



When we impose the antisymmetry condition on the triple product the last line van- 
ishes, and we can rewrite the preceding two lines. 



B5\ 



irp-'si-Z^o.ZA^^B^i^''' - IZ^^Zs^^A^^ 

+ \r^\i^^^i^'''Z''^Z''f,{uAB^CD - ^AD^CB + ^BD^Ca) 

j_ i fl 6 T I 7 (^7 P(, A^, , AD, CB , , BD, nA\ 

+ 2J a pWA-yWBS^C ^D ^ — U OJ OJ ). 



(5.2) 



Using the identities (3.2) we then get 

C-Y = -ir^^si^'^'i^AaZ^'^ZB'' + 22/"/5V.^V 



Z^'pZa^ 



\eABCDf%^i'^''i''''z''^Z''p - le^''^''rJ(si'Ay^B5Zc''Zn 



(5.3) 



which agrees with the A/" = 6 Lagrangian (3.15). 
The Chern-Simons term in (3.16) has the form 

r^^ _ lp^lvp( fa 'y A Pp) A ^ -I- f^n"' f A P A ^ A 

7(5 



_ / fa 13 rri 5 . r) eS p fTj a \ A ^ A 1 ^ A 

\J T rjj £ (f ^ ■^J 'y rjj £ (f J^fj.afi^L' d^p ) 



(5.4) 



Except for the Chern-Simons term for the M = Q gauge field A^a^ , which we want 
to keep, (5.4) also contains terms involving the additional gauge fields A^ai3 and A^"^ 
corresponding to the Q±2 subspaces in the Lie superalgebra. But as in the covariant 
derivatives, these fields are always contracted with the structure constants /"^"^^ of 
the TV = 5 three-algebra. When the triple product is antisymmetric in the first and 
third arguments, these structure constants are antisymmetric in the upper and lower 
indices (separately). Since A^ap and A^"^ on the other hand are symmetric in their 
three-algebra indices, all terms where they appear vanish. Thus only the first line of 
(5.4) survives. 



-cs 



2^ \J P S^pa ^v^py ^ J p r)J S ip^pa ^u-y ^p£ ) 



(5.5) 



which is the Chern-Simons term in (3.15). 
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The potential in (3.16) can be written in many different ways, using the identities 



(4.24)-(4.25). To see what happens when we impose the antisymmetry condition on 



the triple product it is useful to write it as 



--pot 



'^Ibac — IcR + Irr 
'^Iarh — \Itj, — him, + \li 



^J'ABC ~ s-^LL — ^^RL "I" ^^RR ~ \{^LC ~ ^Rc) ~ \{IbCA + Iacb)- (5.6) 

The reason for this is that the antisymmetry condition implies the additional identities 
Iabc = —IcBA, Ibca = —Iacb, Icab = —Ibac, 



l-RC, 



ILL 



LRL 



IRR 



l-LR, 



(5.7) 



since the left and right of the triple product are treated equally in an A/" = 6 three- 
algebra. Then the M = Q potential becomes 



pot — \Iabc ~ \Irr 



f"^ 13^ -qf^ Lp{—\Z'^aZB^ Z''^ -^Za^ sZc'^ + ^Z"^ qZa^ Z'~^ Z^ sZc"^) , (5.8) 



which (after some straightforward massage) agrees with (3.15). 



6 Conclusion 



We have in this paper shown that the A/" = 5 Lagrangian (3.14) and the JV = 6 



Lagrangian (3.15) can be unified into (3.16) if we instead of an anti-Lie triple system 
use the corresponding A/" = 5 three-algebra. The A/" = 6 Lagrangian then appears as a 
special case when the triple product is supposed to satisfy an additional antisymmetry 
condition. We have restricted ourselves to the Lagrangians of the theories, but it 
should be possible to rewrite also the supersymmetry and gauge transformations and 
the equations of motion in the same manner. For the gauge transformations this 
suggests an exciting possibility in the connection to the associated Lie superalgebra. 
So far we have only used the Lie superalgebra as a device for keeping track of the 
contents of the theory - the gauge and matter fields nicely subsume themselves into the 
even and odd subspaces, respectively, and thus we can use mathematical results about 
Lie superalgebras to classify theories of this type. But maybe the Lie superalgebra 
associated to the A/" = 5 three-algebra can somehow also be realized (non-linearly) as 
a symmetry, like the superconformal algebra of the theory. Then the gauge symmetry 
would be a part of a bigger symmetry in more or less the same sense as Lorentz 
invariance is a part of conformal symmetry. In order to investigate this possibility, one 
could try to modify the non-linear realization of the (ordinary) Lie algebra associated 



to a Kantor triple system in 24 . 
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